Abstract. Let Σ be a Riemann surface of genus g bordered by n curves homeomorphic to the circle S 1 , and assume that 2g + 2 − n > 0. For such bordered Riemann surfaces, the authors have previously defined a Teichmüller space which is a Hilbert manifold and which is holomorphically included in the standard Teichmüller space. Based on this, we present alternate models of the aforementioned Teichmüller space and show in particular that it is locally modelled on a Hilbert space of L 2 Beltrami differentials, which are holomorphic up to a power of the hyperbolic metric, and has a convergent Weil-Petersson metric.
1. Introduction 1.1. Introduction and statement of results. In this paper, we demonstrate that the refined Teichmüller space of bordered Riemann surfaces defined by the authors in [18] possesses a convergent Weil-Petersson metric, and a simple L 2 space of Beltrami differentials models the tangent space.
The Weil-Petersson metric converges on finite-dimensional Teichmüller spaces. However it has long been known to diverge on more general Teichmüller spaces. S. Nag and A. Verjovsky [14] showed that the metric does in fact converge in directions tangent to the subset of the universal Teichmüller space which correspond to analytic parametrizations of S 1 . Later, G. Cui [2] and G. Hui [8] , and independently L. Takhtajan and L-P. Teo [22] , found the completion of this space which is modelled on L 2 Beltrami differentials, or the space of univalent functions whose pre-Schwarzian is in the Bergman space of the unit disk. Takhtajan and Teo showed that the WP-class Teichmüller space is a Hilbert manifold locally modelled on a certain space of quadratic differentials and is a topological group. They also gave explicit Kähler potentials for the WP-metric, among many other results.
Since then there has been great interest in what has come to be called the WP-class universal Teichmüller space. A partial list of references can be found in the introduction to the paper of Y. Shen [19] . The paper of Shen also contains a solution to the problem of intrinsically characterizing "WP-class quasisymmetries"; that is, the restricted class of quasisymmetries whose resulting conformal welding maps have L 2 pre-Schwarzians. This gave another characterization of the WP-class universal Teichmüller space.
One might think that these results on the universal Teichmüller space can be passed down to arbitrary quotients to obtain arbitrary Teichmüller spaces. However, this is not the case. Given a bordered Riemann surface, the relevant class of quadratic differentials are L 2 on the surface itself, and hence on the fundamental domain of the associated Fuchsian group. The 2010 Mathematics Subject Classification. Primary 30F60, 37F30 ; Secondary 30C55, 53C56, 30C62, 32G15, 81T40.
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1 lift of such a quadratic differential to the universal cover is not in L 2 unless the L 2 integral is zero on each fundamental domain (see Remarks 2.29 and 3.4 ahead).
In this paper, we show that the refined Teichmüller space of surfaces of genus g bordered by n curves homeomorphic to S 1 (for n > 0) possesses a convergent WP-metric. To do this, we use a new technique. We take advantage of a fiber structure discovered by two of the authors [17] , which arises from an identification of the Teichmüller space of bordered surfaces with a moduli space of Friedan-Shenker-Vafa [15] . The authors used this fiber structure in [18] to construct a Hilbert manifold structure on the refined Teichmüller space of bordered surfaces of this type. In this paper we show that this Hilbert manifold is locally modelled on a space of L 2 Beltrami differentials on the base surface that are holomorphic up to a power of the hyperbolic metric. Furthermore we will express the Weil-Petersson inner product in terms of these differentials. Our arguments rely heavily on sewing techniques developed in [15] and [17] .
The results of this paper confirm that the refined Teichmüller space defined by the authors in [18] is a natural object. They also justify renaming this refined space the "Weil-Petersson class" Teichmüller space, and we will adopt that terminology in this paper.
1.2.
Definition of some function spaces. First we establish some notation for the various function spaces involved. It is convenient here to not have to refer directly to the lift, as is the usual practice. The (obviously) equivalent definitions can be found for example in [13] .
Let Σ be a Riemann surface with a hyperbolic metric. Let U be an open covering of the Riemann surface Σ by open sets U, each of which possesses a local parameter φ U : U → C compatible with the complex structure. For k, l ∈ Z a (k, l)-differential h is a collection of functions {h U : φ U (U) → C : U ∈ U} such that whenever U ∩ V is non-empty, denoting by z = g(w) = φ V • φ −1 U (w) the change of parameter, the functions h U and h V satisfy the transformation rule
that is, h has the expression h U (z)dz k dz l in local coordinates. For example, a Beltrami differential, or (−1, 1) differential, is a collection of functions satisfying the transformation rule
that is, h has the expression h U (z)dz/dz in local coordinates. Similarly a quadratic differential is a (2, 0) differential and a function is a (0, 0) differential. We will be concerned with those differentials which are L p with respect to the hyperbolic metric for some p (in this paper, we always have either p = 1, p = 2, or p = ∞). Denote the expression for the hyperbolic metric g in local coordinates by ρ U (z) 2 |dz| 2 for a strictly positive function ρ U ; thus the metric transforms according to the rule (1.3) ρ V (w)|g ′ (w)| = ρ U (z).
Thus, if
W is an open set, which we momentarily assume to be entirely contained in some U ∈ U, for a (k, l)-differential we can define an L p integral with respect to the hyperbolic metric by It will always be understood that any L p norm arising here is with respect to the hyperbolic metric. Indeed, one cannot define the norm in general without the use of some invariant metric, except in special cases (e.g. for k = 2, l = 0 and p = 1). Remark 1.2. We will not distinguish the norms · p,W notationally with respect to the order of the differential, since the type of differential uniquely determines the norm. If the subscript "W " is omitted, it is assumed that W = Σ.
WP-class Teichmüller space
2.1. WP-class quasisymmetries and quasiconformal maps. In [18] the authors defined a Teichmüller space of bordered surfaces which possesses a Hilbert manifold structure. We briefly review some of the definitions and results, as well as introduce new definitions necessary in the next few sections. Let D = {z : |z| < 1}, D * = {z : |z| > 1} ∪ {∞}, andC = C ∪ {∞}. 
is an open subset of the Hilbert space A Let f µ be the solution to the Beltrami equation ∂f ∂f =μ whereμ is the Beltrami differential which equals µ on D * and 0 on D. We normalize f µ so that f µ (0) = 0, f µ (∞) = ∞ and f µ′ (∞) = 1 for definiteness. We define
It is a standard result in Teichmüller theory that f φ is independent of the choice of quasiconformal extension w, and furthermore f φ = f ψ if and only if φ = ψ [12] , [13] . 
Note that since w is quasiconformal, its Beltrami differential automatically satisfies µ ∈ L ∞ −1,1 (D * ). We also have the following recent remarkable result of Shen [19] , which answers a question posed by Takhtajan Although this result is not needed in this paper, we mention it because it provides a direct intrinsic characterization for QS WP (S 1 , S 1 ). From now on, let Σ be a Riemann surface of genus g bordered by n curves homeomorphic to S 1 ; we will always assume that n > 0 when the term "bordered" is used. We clarify the meaning of "bordered" now. It is assumed that the Riemann surface is bordered in the sense of Ahlfors and Sario [1, II.1.3] . That is, the closure Σ of Σ is a Hausdorff topological space, together with a maximal atlas of charts from open subsets of Σ into relatively open subsets of the closed upper half plane in C, such that the overlap maps are conformal on their interiors. (In particular, these charts have a continuous extension to the boundary). Thus for each point p on the boundary, there exists a chart from an open set U onto a disc D = {z : |z| < 1 and Im(z) > 0} and a conformal map φ of U onto D, such that φ extends homeomorphically to a relatively open setÛ ⊂ Σ which takes a segment of the boundary containing p in its interior to a line segment in the plane. We will refer to such a chart (φ, U) as an "upper half plane boundary chart". In order to avoid needless proliferation of notation, we will not distinguish φ notationally from its continuous extension, nor U from U .
We will further allow charts in the interior of Σ which map onto open neighbourhoods of 0 in C. We also allow boundary charts onto sets of the form {z : |z| ≤ 1} ∩ {z : |z − a| < r} where r < 1 and |a| = 1 with conformal overlap maps as with the half-plane charts. We will refer to such a boundary chart as a "disc boundary chart". We refer to either a disc boundary chart or an upper half plane boundary chart as a "boundary chart".
Finally, when we say that Σ is bordered by n curves homeomorphic to S 1 , we mean that the boundary ∂Σ consists of n connected components, each of which is homeomorphic to S 1 when endowed with the relative topology inherited from Σ. To say that Σ is of genus g means that Σ is biholomorphic to a subset Σ B of a compact Riemann surface Σ of genus g in such a way that the complement of Σ B in Σ consists of n disjoint open sets biholomorphic to D. Equivalently, the double of Σ has genus 2g + n.
With this terminology established we may now make the following definition.
Definition 2.5. We say Σ is a bordered surface of type (g, n) if it is a bordered surface of genus g bordered by n boundary curves homeomorphic to S 1 , in the sense of the last three paragraphs.
We will also need one more kind of chart at the boundary. Let
The following proposition is elementary. Proposition 2.6. Let Σ be a bordered Riemann surface of genus g bordered by n curves ∂ i Σ, i = 1, . . . , n, homeomorphic to S 1 . For each i, there exists an open set A ⊂ Σ and an annulus A r such that
c is compactly contained in Σ (3) there is a conformal map ζ : A → A r for some r. For any such A, A r , and ζ, ζ has a homeomorphic extension to A ∪ ∂ i Σ.
Furthermore, A, r and ζ can be chosen so that ∂A\∂ i Σ is an analytic curve. In that case ζ has a homeomorphic extension to the closure of A, which takes A onto the closed annulus A r .
We call such a chart a "collar chart" of ∂ i Σ, and A a "collar" of ∂ i Σ. We may now define WP-class quasisymmetries between boundary curves of bordered Riemann surfaces, as in [18] . Definition 2.7. Let Σ 1 and Σ 2 be bordered Riemann surfaces of type (g i , n i ) respectively, and let C 1 and C 2 be boundary curves of Σ 1 and Σ 2 respectively. Let QS WP (C 1 , C 2 ) denote the set of orientation-preserving homeomorphisms φ : C 1 → C 2 such that there are collared charts H i of C i , i = 1, 2 respectively, and such that
Remark 2.8. The notation QS WP (S 1 , C 1 ) will always be understood to refer to S 1 as the boundary of an annulus A r for r > 1. We will also write QS WP (S 1 ) = QS WP (S 1 , S 1 ).
Remark 2.9. In [15, Section 2.4], Definition 2.7 was given, but with QS WP (S 1 ) replaced by standard quasisymmetries QS(S 1 ). These newly defined maps are also called quasisymmetries, and they have the usual relationship with quasiconformal maps.
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We also have the following two properties of QS WP (C 1 , C 2 ) [18] ; the second is a consequence of a result of Takthajan and Teo [22, Corollary 1.8].
Proposition 2.10. If φ ∈ QS WP (C 1 , C 2 ) then for any pair of collar charts
Proposition 2.11. Let Σ B i be bordered Riemann surfaces and C i a boundary curve on each surface for i = 1, 2, 3.
We will be concerned only with quasiconformal maps whose boundary values are in QS WP . Any such quasiconformal mapping has a homeomorphic extension taking the closure of Σ 1 to the closure of Σ 2 . This extension must map each boundary curve ∂ i Σ 1 homeomorphically onto a boundary curve ∂ j Σ 2 .
Definition 2.12. Let Σ 1 and Σ 2 be bordered Riemann surfaces of type (g, n), with boundary curves C i 1 and C j 2 , i = 1, . . . , n and j = 1, . . . , n respectively. The class of maps QC 0 (Σ 1 , Σ 2 ) consists of those quasiconformal maps from Σ 1 onto Σ 2 such that the continuous extension to each boundary curve C
Remark 2.13. The continuous extensions to the boundary will be made without further comment. We will not make any notational distinction between a quasiconformal map f and its continuous extension.
The following two Propositions follow immediately from Definition 2.12 and Proposition 2.11. Proposition 2.14. Let Σ i i = 1, 2, 3 be bordered Riemann surfaces of type (g, n).
Proposition 2.15. Let Σ 1 and Σ 2 be bordered Riemann surfaces. Let C 1 be a boundary curve of
For a quasiconformal map f let µ(f ) denote its Beltrami differential as above. Theorem 2.3 above motivates the following definition. Definition 2.16. Let QC r (Σ, Σ 1 ) be the set of f ∈ QC 0 (Σ, Σ 1 ) such that for any i and any collar chart ζ i :
This condition can be thought of as requiring that µ(f ) be "hyperbolically L 2 near ∂ i Σ". The condition appears to depend on the choice of chart, and it is not immediately obvious whether this relates to whether or not µ(f ) ∈ L 2.2. Local characterization of hyperbolically L p differentials. In this section, we will show that the condition that a differential be hyperbolically L p can be expressed locally in terms of the hyperbolic metric of a half-chart. In particular, we will prove the following theorems. Denote the expression for the hyperbolic metric on the upper half plane by
where λ H (z) = 1/Im(z). Similarly on the disc the hyperbolic metric is
Theorem 2.17. Let Σ be a bordered Riemann surface of type (g, n) and let α be a
there is a chart (φ, U) of a neighbourhood of q into the upper half plane H, such that if α is h U (z)dz k dz l in local coordinates and m = k + l, the estimate
holds for the particular choice of p.
holds for the particular choice of p. Remark 2.18. As the reader may have noticed, there is no need to weight with the factor (1 − |z| 2 ) in the interior, analytically. This is because (1 − |z| 2 ) and ρ U are continuous and the weight has no effect on the integral or on the L ∞ norm. Thus Theorem 2.17 is in effect about boundary values. However, for purely stylistic reasons, we shall keep the formulation of the theorem as above.
This theorem follows from an elementary estimate which we state as two lemmas.
Lemma 2.19. Let Σ be a bordered Riemann surface of type (g, n). Let q ∈ Σ. There is a chart (ζ, U) in a neighbourhood of q, with the following property. There is a disc D ⊂ ζ(U) centred on ζ(p) if q ∈ Σ or a relatively open half-disc in H centred on ζ(q) if q ∈ ∂Σ, and a K > 0 such that
Here ρ U (z)|dz| 2 is the expression for the hyperbolic metric on Σ in the local parameter. The same claim holds for the hyperbolic metric λ D on D and disk charts.
Proof. If q ∈ Σ, then choosing U to be an open neighbourhood of q with compact closure in Σ, the estimate follows immediately from the fact that ρ U and λ H are continuous and non-vanishing.
Fix q ∈ ∂Σ. First we show that there is at least one chart in which the claim holds. Let π : H → Σ be the covering of Σ by the upper half plane. There is a relatively open setÛ in Σ containing q such that there is a single-valued branch φ = π −1 on U =Û ∩ Σ. φ = π −1 is an isometry so that we have ρ U (z) = λ H (z) and thus the claim holds for this chart.
Let (ζ, V ) be any other chart in a neighbourhood of q; we may assume without loss of generality that (ζ, V ) is an upper half plane boundary chart centred on q. Let H = φ • ζ 
for real functions u and v, and let z = x + iy. We have that the hyperbolic metric is λ H (z) = 1/y. Since H is a biholomorphism, H ′ = 0. We claim that v y = 0 at ζ(q). If not, we would have u x = v y = 0 at ζ(q). Furthermore since H maps an interval on R containing ζ(q) to an interval in R, v = 0 on this interval so u y = −v x = 0 on an interval containing ζ(q). Thus the Jacobian of H at ζ(q) is zero, a contradiction. We conclude that there is a neighbourhood of ζ(q) on which v y = 0. Using a Taylor series approximation in two variables, and the fact that v(x, 0) = v x (x, 0) = 0, we have that Lemma 2.20. Let Σ be a bordered Riemann surface of type (g, n) and let (ζ i , U i ) be a collar chart of ∂ i Σ. There is an annulus A r,1 ⊆ ζ i (U i ) with A r,1 := {z; r < |z| < 1} such that 
Choosing a partition of unity subordinate to the finite covering proves (1). Now we show that (2) follows from (1). For any point q let (ζ, V ) be any chart in a neighbourhood of q, and let D be as in Lemma 2.19. We then have that there are constants
now and let φ be the restriction of ζ to U; we then have
in the case that p = ∞ and
The equivalence of (3) and (1) follows from an identical argument. Clearly (5) implies (4) and (4) implies (3); on the other hand, if (1) holds, an argument similar to the proof of (2) above using Lemma 2.20 establishes (5) (note that by definition the inner boundary of a collar chart is compactly contained in Σ).
Finally, we will need the following lemma explicitly separating out the contribution of the collar to the L 2 norm. We will only need the p = 2 case, but since the general case requires no extra work, we will state it in general. Lemma 2.21. Let Σ be a bordered Riemann surface of genus g with n boundary curves.
n (A rn,1 ) = Σ, and constants a and
The constants b i depend only on the collar charts (ζ, U), r i , p, k and l (not on α), and a p is the hyperbolic area of M.
Proof. Once the annuli are chosen, one need only choose M such that M together with ζ 
With the aid of the local characterization of hyperbolic L p spaces in Section 2.2, we can now generalize Theorem 2.3 of Hui. First, we make the following definition.
The "BD" in the above notation stands for "Beltrami differentials". The "T" stands for "tangent". Analytically the notation "TBD" is slightly inaccurate, since BD(Σ) is not a Hilbert or Banach linear space or manifold, so that it does not have a tangent space in the standard sense. Nevertheless the notation distinguishes the spaces conveniently in terms of their upcoming roles. We thus have that Theorem 2.23. Let Σ and Σ 1 be bordered Riemann surfaces of type (g, n).
. By Definition 2.16, for each boundary curve ∂ i Σ there exists a collar chart (ζ i , U i ), mapping onto A r i say, for which the estimate (2.2) holds. Clearly we can choose U i so that they are pairwise disjoint. Choose 1 < R i < r i . Let
Observe that V together with the U i cover Σ. Now V is compactly contained in Σ. Thus, for each point q ∈ V there is a chart (η, W ) in a neighbourhood of q defined on a pre-compact subset W of Σ, which furthermore maps into a pre-compact subset of D. Since λ D is continuous on the closure of η(W ) and the closure of η(W ) is compact, it is bounded there. Since, µ(f )| W ≤ K, we have that for k = −1, l = 1 condition (3) of Theorem 2.17 is satisfied at q. Since the estimate (2.2) holds on ζ i (U i ) and V, U 1 , . . . , U n cover Σ, by Theorem 2.17 µ(f ) ∈ BD(Σ).
We prove two more theorems relating to the existence of elements of QC r in a fixed homotopy class. They ultimately rely on the extended lambda-lemma [20] , through [15, Lemma 4.2] .
The following theorem is not strictly necessary for the main results of this paper, however since it is similar to Theorem 2.25 ahead and will also be useful for the study of quasiconformal mapping class groups in T WP (Σ), we include it here.
Theorem 2.24. Let Σ, Σ 1 be bordered Riemann surfaces of type (g, n) and
There is a quasiconformal mapf : Σ → Σ 1 in QC 0 (Σ, Σ 1 ) such thatf is homotopic to f and
The homotopy G(t, z) can be chosen so that for each t, G(t, ·) is a quasiconformal map.
is a quasiconformal mapping from A R i onto a double connected domain A, whose inner boundary is {z : |z| = 1} and whose outer boundary is the quasicircle η i (β i ). By [15, Theorem 2.13 (2)], the restriction of
to |z| = R i is a quasisymmetry (in the sense of Remark 2.9) onto η i (β i ).
By [15, Corollary 4.1] there is a quasiconformal mapping from A onto itself which is the identity on η i (β i ) and equals
on |z| = 1. In fact, the proof of [15, Lemma 4.2 and Corollary 4.1] shows that this map can be embedded in a holomorphic motion h i : ∆ × A → A (in particular, a homotopy of quasiconformal maps) such that
Next, we lift these homotopies back to the surfaces Σ and Σ 1 by composing with the charts, and sew them to f . Explicitly, we define the map G :
One can verify that G is continuous on the seams γ i by chasing compositions. By removability of quasicircles (see [21, Theorem 3] ) G(t, ·) is in fact a quasiconformal homeomorphism for each t ∈ [0, 1] and in particular a homotopy. Furthermore G(0, z) = f (z) for all z ∈ Σ and G(1, z) = φ i (z) for all z ∈ ∂ i Σ and i = 1, . . . , n. This concludes the proof.
We say that two quasiconformal maps f : Σ → Σ 1 andf : Σ → Σ 1 are homotopic rel boundary if there is a homotopy from f tof which is constant on ∂Σ. (In particular, f and f are equal on ∂Σ.) Theorem 2.25. Let f : Σ → Σ 1 . f ∈ QC 0 (Σ, Σ 1 ) if and only if f is homotopic rel boundary to somef ∈ QC r (Σ, Σ 1 ).
Proof. Let (ζ i , U i ) be a collar chart of each boundary curve ∂ i Σ onto A r i , and similarly (η i , V i ) a collar chart of each boundary curve ∂ i Σ 1 onto A s i . We may arrange that U i ∩ U j is empty for i = j and similarly for the sets V i . Let φ i be the restriction of f to ∂ i Σ. By Theorem 2.3, there is a quasiconformal extension
The idea of the rest of the proof is to "patch" η
the resulting map will be in QC r (Σ, Σ 1 ) by definition.
We now proceed with the patching argument. Let T i be a real number such that 1 < T i < r i and small enough that f •ζ
Since ψ i is a quasiconformal homeomorphism, there exists an R i such that 1 < R i < T i and for all |z| = R i 1 < ψ i (z) < min
|w|.
In other words, the quasicircles |w| = 1, ψ i (|z| = R i ) and
Let B i denote the domain bounded by the latter two curves. Denote by A i the annulus
By removability of quasicircles [21, Theorem 3] , this extends to a quasiconformal map of
on the boundary of the annulus A T i , we have that they are homotopic rel boundary up to a Z action. Thus by composing with a quasiconformal map g : A i → A i such that g is the identity on ∂A T i we can arrange thath is homotopic rel boundary to
This extends to a quasiconformal map from Σ to Σ 1 by removability of quasicircles. Chasing compositions we see that
Remark 2.26. As in the previous theorem, the proof shows that the homotopy can be chosen so that for each t, G(t, z) is a quasiconformal map.
This also establishes
Corollary 2.27. For bordered Riemann surfaces Σ and Σ 1 of type (g, n)
Since any two bordered Riemann surfaces of type (g, n) are quasiconformally equivalent, these two theorems taken together imply the following.
Theorem 2.28. Let Σ and Σ 1 be bordered Riemann surfaces of type (g, n).
Proof. Assume that there is a quasiconformal map f ∈ QC r (Σ, Σ 1 ) whose restriction to each ith boundary curve is φ i . By Corollary 2.27 f ∈ QC 0 (Σ, Σ 1 ). Thus by Definition 2.12
. . , n. Since Σ and Σ 1 are both of type (g, n), they are quasiconformally equivalent. Thus by Theorem 2.25 there is an f ∈ QC r (Σ, Σ 1 ) whose restriction to ∂ i Σ is φ i for each i. . In fact, unless the Beltrami differential is zero almost everywhere, and hence f is conformal, the integral over any fundamental domain is non-zero. By the invariance of the lifted differential, the L 2 norm over D * must be the sum over all fundamental domains of the L 2 norm on Σ, and thus is infinite. In summary, unless f is conformal, the lifted Beltrami differential is not in L 2 (D * ). Thus there is no "lifted" version of Hui's theorem.
WP-class
Teichmüller space and the fiber model. In this section, we define a WP-class Teichmüller space of bordered Riemann surfaces of type (g, n).
Definition 2.30 (WP-class Teichmüller space)
. Let Σ be a bordered Riemann surface of type (g, n). We define an equivalence relation on triples (Σ, f,
is homotopic to the identity rel boundary. The WP-class Teichmüller space of Σ [18] is the set
In light of Theorem 2.28, we may restrict our attention to maps f ∈ QC r (Σ, Σ 1 ).
Theorem 2.31. Let Σ be a bordered Riemann surface of type (g, n).
where µ(f ) denotes the Beltrami differential of f . Σ 3 ). It would be satisfactory if this were also true for QC r , although we do not yet see any independent reason why this should be true. Note that we do not need that result in this paper.
In [18] , the authors showed that the WP-class Teichmüller space is a complex Hilbert manifold. (The terminology "WP-class" was not used there). The complex structure is induced by a fiber model of the Teichmüller space [17] . This fiber model is a consequence of a correspondence between the rigged moduli space of D. Friedan and S. Shenker [5] and C. Vafa [23] appearing in conformal field theory, and the Teichmüller space of bordered surfaces. Therefore in order to define the complex Hilbert manifold structure on T WP (Σ), we must first define the so-called rigged moduli space in the WP-category.
Remark 2.33. The aforementioned correspondence was discovered by the first two authors and first formulated in terms of the classical quasiconformal Teichmüller space [15] . The problem of refining the Teichmüller space and the rigged moduli space appears to be of interest for both the rigorous construction of conformal field theory and for Teichmüller theory.
We say that Σ P is a punctured Riemann surface of type (g, n) if it is a genus g Riemann surfaces with n points removed. The removed points are furthermore given a specific order p 1 , . . . , p n , so the term "punctured Riemann surface of type (g, n)" refers to such a surface together with the ordering. For the purposes of this paper we could also think of the surfaces as compact Riemann surfaces with n distinguished points listed in a specific order; we will move between these two pictures freely without changing the notation.
Definition 2.34 (WP-class riggings). Let Σ
P be a punctured Riemann surface of type (g, n) with punctures p 1 , . . . , p n . A WP-class rigging on Σ P is an n-tuple of maps φ = (φ 1 , . . . , φ n ) such that for each i = 1, . . . , n,
(1) φ i : D → Σ P is one-to-one and holomorphic, (2) 
Denote the set of WP-class riggings on Σ P by O qc WP (Σ P ).
When Σ P and Σ P 1 are Riemann surfaces of type (g, n), then if f : Σ P → Σ P 1 is quasiconformal, it must extend to the compactification in such a way that it takes punctures to punctures.
Definition 2.35 (WP-class rigged Teichmüller space). Let Σ
P be a punctured Riemann surface of type (g, n). The WP-class rigged Teichmüller space of Σ P is the set
Remark 2.36. In this case, the requirement that f −1 2 • σ • f 1 is homotopic to the identity rel boundary implies that f −1 2 • σ • f 1 (p i ) = p i (in the sense that the unique extensions of f 1 , f 2 and σ satisfy this equality) and that the punctures are preserved throughout the homotopy.
preserves the ordering of the punctures.
Remark 2.38. In [18] we showed that T WP (Σ P ) has a complex Hilbert manifold structure in the case that 2g − 2 + n > 0. In this paper we will only consider T WP (Σ P ) for 2g − 2 + n > 0.
Next, we show that the WP-class Teichmüller space of bordered surfaces and the WP-class rigged Teichmüller space of punctured Riemann surfaces are closely related. The relation is obtained by "sewing caps" onto a given bordered Riemann surface to obtained a punctured surface. We outline this below. Let Σ be a bordered Riemann surface of type (g, n). Let τ = (τ 1 , . . . , τ n ) be a WP-class quasisymmetric parameterization of the boundary; that is
The existence of such a τ is not restrictive, as the following theorem shows. In fact, we show that every boundary curve can be analytically parameterized.
Theorem 2.40. There is a parametrization τ = (τ 1 , . . . , τ n ) of ∂Σ such that τ i is analytic for each i. In particular, τ ∈ QS WP (S 1 , ∂Σ).
Proof. Let (ζ i , U i ) be a collar chart of ∂ i Σ. By the Schwarz reflection principle, ζ i extends to an open neighbourhood of the boundary ∂ i Σ in the double Σ D of the Riemann surface Σ, which maps ∂ i Σ into the circle S 1 . Let τ i be the restriction to S 1 of the extension of ζ
Given such a τ , the τ i 's are in particular quasisymmetries. Thus one can form the Riemann surface
D which is defined as follows. We identify points p on the boundary of the nth disk with points q on the nth boundary curves, p ∼ q, if q = τ i (p). The resulting set
is a topological space with the quotient topology and has a unique complex structure which agrees with the complex structures on Σ and each of the discs D [15, Theorems 3.2, 3.3]. We refer to Σ P as being obtained from Σ by "sewing on caps via τ ".
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The inclusion maps from each disk D into Σ P are holomorphic. Denote the resulting maps
There is a natural extension of f to a mapf : Σ P → Σ P 1 defined as follows:
We thus have a natural map from T WP (Σ) into T WP (Σ P ).
The map Π was used in [18] to construct an atlas on T WP (Σ), making it a complex Hilbert manifold. We will describe the atlas of charts in the next section.
Remark 2.41. Observe thatf is the unique quasiconformal map (up to composition with a conformal map) solving the Beltrami equation on Σ P with the Beltrami differential
Thus we may see the map Π as generalizing the Bers trick associating a conformal map f of the disk with elements of the universal Teichmüller space.
Finally we will need the following lemma.
Lemma 2.42. Let τ ∈ QS WP (S 1 , ∂Σ) be an analytic parametrization of ∂Σ. Let Σ P be obtained from Σ by sewing on caps via τ , and letτ : D → Σ P be the resulting extension of τ . For each i = 1, . . . , n there is a chart (ζ i , U i ) such that U i contains the closure ofτ i (D) and ζ i •τ i is the identity map on S 1 .
is an analytic curve in C, so the Riemann map η i : D → ξ i (τ i (D)) has a one-to-one holomorphic extension to some disk D R = {z : |z| < R} for R > 1 onto a neighbourhood of the closure of ξ i (τ i (D)). By composing η i by a Möbius transformation we can assume that η
is the identity (since it maps the disk to the disk). Set ζ i = η 2.5. Preliminaries on marked holomorphic families. In this section we collect some standard definitions and facts about marked holomorphic families of Riemann surfaces and the universality of the Teichmüller curve. These will play a key role in the construction of the complex structure on the WP-class Teichmüller space in Section 2.6. A full treatment appears in [3] , and also in the books [9, 13] . Definition 2.43. A holomorphic family of complex manifolds is a pair of connected complex manifolds (E, B) together with a surjective holomorphic map π : E → B such that (1) π is topologically a locally trivial fiber bundle, and (2) π is a split submersion (that is, the derivative is a surjective map whose kernel is a direct summand). Definition 2.44. A morphism of holomorphic families from (E ′ , B ′ ) and (E, B) is a pair of holomorphic maps (α, β) with α : B ′ → B and β :
commutes, and for each fixed t ∈ B ′ , the restriction of β to the fiber π ′−1 (t) is a biholomorphism onto π −1 (α(t)).
Throughout, (E, B) will be a holomorphic family of Riemann surfaces; that is, each fiber π −1 (t) is a Riemann surface. Let Σ be a punctured Riemann surface of type (g, n). This fixed surface Σ will serve as a model of the fiber. Let U be an open subset of B.
Definition 2.45.
(
(2) A local trivialization θ is a strong local trivialization if for fixed x ∈ Σ, t → θ(t, x) is holomorphic, and for each t ∈ U, x → θ(t, x) is a quasiconformal map from Σ onto
) where for each fixed t, φ(t, x) : Σ → Σ is a quasiconformal homeomorphism that is homotopic to the identity rel boundary. (4) A marking M for π : E → B is a set of equivalence classes of compatible strong local trivializations that cover B. (5) A marked holomorphic family of Riemann surfaces is a holomorphic family of Riemann surfaces with a specified marking.
Remark 2.46. Let θ and θ ′ be compatible strong local trivializations. For each fixed t ∈ U,
, so a marking specifies a Teichmüller equivalence class for each t.
We now define the equivalence of marked families. Definition 2.47. A morphism of marked holomorphic families from π ′ : E ′ → B ′ to π : E → B is a pair of holomorphic maps (α, β) with β : E ′ → E and α : B ′ → B such that (1) (α, β) is a morphism of holomorphic families, and (2) the markings B ′ × Σ → E given by β(θ ′ (t, x)) and θ(α(t), x) are compatible.
The second condition says that (α, β) preserves the marking.
Remark 2.48 (relation to Teichmüller equivalence). Define E = {(s, Y s )} s∈B and E ′ = {(t, X t )} t∈B ′ to be marked families of Riemann surfaces with markings θ(s, x) = (s, g s (x)) and θ ′ (t, x) = (t, f t (x)) respectively. Assume that (α, β) is a morphism of marked families, and define σ t by β(t, y) = (α(t), σ t (y)). Then β(θ ′ (t, x)) = (α(t), σ t (f t (x))) and θ(α(t), x) = (α(t), g α(t) (x)). The condition that (α, β) is a morphism of marked families is simply that σ t • f t is homotopic rel boundary to g α(t) . That is, when s = α(t),
Let H be the upper-half plane and G be a Fuchsian group such that Σ = H/G is a punctured Riemann surface (thus 2g − 2 + n > 0). Let T (G) be the "µ-model" of the Teichmüller space of Σ. Let µ be a Beltrami differential on Σ and letμ be the lift of µ to H and extended by 0 to the lower half plane. Let w µ be the normalized solution of the Beltrami equation on C with dilatationμ. The Bers fiber space is the subset F (G) ⊂ T (G) × C given by
Let T (G) = F (G)/G. The group G acts freely and properly discontinuously by biholomorphisms on F (G) and the quotient is a marked holomorphic family. We will define the marking below.
Definition 2.49. The marked holomorphic family of Riemann surfaces
is called the Teichmüller curve. 
The following universal property of T (Σ) (see [3, 9, 13] ) is all that we need for our purposes.
Theorem 2.51 (Universality of the Teichmüller curve). Let π : E → B be a marked holomorphic family of Riemann surfaces with fibre model Σ of type (g, n) with 2g − 2 + n > 0, and trivialization θ. Then there exists a unique morphism (α, β) of marked families from π : E → B to π T : T (Σ) → T (Σ). Moreover, the canonical "classifying" map α :
2.6. Gardiner-Schiffer coordinates and the complex structure. In this section we define Gardiner-Schiffer coordinates and the complex structure on T WP (Σ B ). Although the geometric idea is straightforward, the construction and rigorous proofs are somewhat involved. We restrict ourselves here to summarizing the necessary facts and refer the reader to [18] for a full treatment.
Gardiner-Schiffer variation is a technique for constructing coordinates on the Teichmüller space of a compact surface with punctures.
Let Σ P be a punctured Riemann surface. Let D = (D 1 , . . . , D d ) be an n-tuple of disjoint open sets D i ⊂ Σ P each of which is biholomorphic to the unit disk D. Here d is the dimension of the Teichmüller space T (Σ P ) (note that we are treating the Riemann surface Σ P as a punctured surface of type (g, n) and hence the dimension is 3g − 3 + n). Let ǫ = (ǫ 1 , . . . , ǫ d ) ∈ C d be close to (0, . . . , 0). By excising the disks D i , distorting them under the quasiconformal map z → z + ǫ iz , and sewing them back in, one obtains a new Riemann surface Σ P ǫ and a quasiconformal map ν ǫ :
Note that ν ǫ is holomorphic outside of the disks D i . We can use this to obtain coordinates on T (Σ P ) as follows.
Theorem 2.52. Let Σ P be a punctured Riemann surface of type (g, n). 
biholomorphism onto its image (i.e. the inverse is a local coordinate chart).
A proof can be found in [6] or [13] . The collection of Riemann surfaces Σ 
is a "strong global trivialization". That is, (4) for fixed x, ǫ → θ(ǫ, x) is holomorphic, and (5) for each fixed ǫ, x → θ(ǫ, x) is a quasiconformal map from Σ to π −1 (ǫ) = Σ P ǫ .
By [18, Theorem 4.15] π : S(Ω, D)
→ Ω is a marked holomorphic family with marking θ (see Definition 2.45 ).
Using Theorem 2.51 we can embed the marked Schiffer family into the universal Teichmüller curve as described in the following theorem. Recall that
Then the fiber in the Teichmüller curve over S(ǫ) is the canonical Riemann surface Σ P µ(ǫ) as defined in (2.9). Note that Σ P ǫ and Σ P µ(ǫ) are biholomorphically equivalent.
Theorem 2.53. Let Σ P be a punctured Riemann surface of type (g, n) such that 2g −2+n > 0. Let S(Ω, D) be the marked Schiffer family corresponding to the Schiffer variation S : Ω → T (Σ P ). There is a morphism of marked holomorphic families (α, β) from π :
, and (2) α and β are injective and holomorphic. Setting
we have the biholomorphism
The only part not following immediately from Theorem 2.51 is the injectivity of α and β. Since S is injective by Theorem 2.52, it remains only to show that β is injective. This follows from the fact that β is injective fiberwise and α • π = π T • β.
Next, we need to define a local trivialization of the elements of O qc WP (Σ P ).
Definition 2.54. Let Σ P be a punctured Riemann surface of type (g, n). An n-chart (ζ, E) on Σ P is a collection of open subsets E = (E 1 , . . . , E n ) of the compactification of Σ P and local biholomorphic parameters ζ i : E i → C such that (1) E i ∩ E j is empty whenever i = j, (2) p i ∈ E i for i = 1, . . . , n, and (3) ζ i (p i ) = 0 for i = 1, . . . , n.
Definition 2.55. Let Σ P be a punctured Riemann surface of type (g, n). Let (ζ, E) be an n-chart on Σ P . We say that a collection
. In this case we will also say that 
It was shown in [18] that these define a base for a topology on T WP (Σ P ), and furthermore that the set of charts
is an atlas defining a complex Hilbert manifold structure on T WP (Σ P ).
Remark 2.58. In [18] , we used the notation G for G −1 .
The complex structure on T WP (Σ P ) passes upwards to T WP (Σ), according to the following theorem which the authors proved in [18, Theorem 5.8].
Theorem 2.59. If Σ is a bordered surface of type (g, n), with 2g − 2 + n > 0, then the collection of charts on T WP (Σ) of the form G • Π is an atlas for a complex structure. Thus T WP (Σ) is a complex Hilbert manifold. The map Π defined by (2.8) is a local biholomorphism; that is, for any point p ∈ T WP (Σ) there is an open neighbourhood U of p such that the restriction of Π to U is a biholomorphism onto its image.
We also have a natural projection from T WP (Σ P ) onto T (Σ P ), given by
2.7. A preparation theorem. The purpose of this section is to use the sewing technology to prove the following fact: given a holomorphic curve through the identity in T WP (Σ), it is possible to choose a Teichmüller equivalent curve in BD(Σ). That is, the curve can be chosen so that at each point the representative of the Teichmüller equivalence class has a Beltrami differential simultaneously in L In particular, DΨ| 0 is injective and bounded. We claim that DΨ| 0 is also surjective.
We will use the following approach. Let (h, α) ∈ A 2 2 (D) ⊕ C. Let φ t be the unique holomorphic function on D satisfying φ t (0) = 0, φ ′ t (0) = 1, A(φ t )(0) = tα and S(φ t (z)) = th(z). We will show that for some δ > 0, if |t| < δ then (S(φ t (z)), A(φ t ) (0)) is in the image of Ψ. This will show that DΨ| 0 is surjective, and thus by the open mapping theorem for bounded linear maps it would follow that DΨ| 0 is a topological isomorphism. Thus by the inverse function theorem the inverse is holomorphic [10] . Now if t is small enough then φ t (z) ∈ O qc . To see this, observe first that by holomorphicity of inclusion A Theorem 2.61. Let Σ be a bordered Riemann surface of type (g, n) such that 2g − 2 + n > 0.
Then there exists δ > 0 and representatives (Σ, f t , Σ t ) so that the following properties are satisfied for |t| < δ:
(1) µ(f t ) 2 is uniformly bounded in t, where µ(f t ) is the Beltrami differential of f t on Σ,
Proof. As before, sew on caps via some τ ∈ QS WP (Σ) to obtain the associated punctured surface Σ P . By Theorem 2.59 every curve through [Σ, Id, Σ] is the inverse image under Π of a curve through [Σ P , Id, Σ P ,τ ] ∈ T WP (Σ). Thus it suffices to describe curves through this point in T WP (Σ). By [18, Corollary 5.22 ] the complex structure on T WP (Σ) is independent of the choice of rigging τ used to sew on caps. Thus without loss of generality, we may assume that τ is an analytic parametrization (and the existence of such a τ is guaranteed by Theorem 2.40). By Lemma 2.42 there is an n-chart (ζ, E) such that ζ i •τ i is the identity on D.
Fix a coordinate chart G on a neighbourhood F (U, S, Ω) of ([Σ P , Id, Σ P ],τ ) in T WP (Σ P ), with associated compatible n-chart (ζ, E) on Σ P . Let K i be open, connected, simplyconnected neighbourhoods of each puncture for i = 1, . . . , n such that K i ⊂ E i for i = 1, . . . , n. We may choose the chart F (U, S, Ω) in Definition 2.57 above such that φ i (D) ⊂ ζ i (K i ) for all φ i ∈ U and i = 1, . . . , n.
Given the holomorphic curve λ(t) in T W P (Σ), assume that it is in the image of some chart G • Π on F (U, S, Ω) of the above form (perhaps shrinking the t-domain of the curve). Let (ǫ(t), w 1 (t, z), . . . , w n (t, z)) ∈ Ω×O .15) sup
. Now using Lemma 2.60, there exists C > 0 such that for all i = 1, . . . , n one has (2.16)
).
we know that A(w i (t, ·))(0) is continuous and by the definition of the complex structure on
is also a continuous function of t. Therefore since A(w i (0, ·)) = 0 we have P i (0) = 0 and hence there exists an s > 0 such that P i (t) ≤ π/12C 2 for all i = 1, . . . , n, if |t| < s. This fact together with (2.15) yields 
Now using once again (2.16) and the bound on P i (t) obtained above, it is readily seen that there is an M such that m i t 2 2,D * ≤ M for each i and small enough t. This yields the uniform boundedness of m i t 2,D * for |t| < s. Choose simple closed analytic curves γ i in ζ i (E i ) so that γ i and K i are nested and nonintersecting; that is γ i encloses K i . Choose R i > 1 such that w i (t, |z| = R i ) is enclosed by γ i and does not intersect it; this can be done for all |t| < s ′ < s for some s ′ since the extension w i (t, z) is jointly continuous. Let L i be the doubly-connected region bounded by ζ i (γ i ). We will construct a family of quasiconformal maps g t : Σ P → Σ P with the following properties.
(a) g t is the identity on Y .
is the Ahlfors-Weill extension of w i (t, z) on |z| ≤ R with dilatation given by (2.18).
Observe that if g t has these properties, then setting
we have that
Since (Σ, f 0 , Σ 0 ) = (Σ, Id, Σ) it follows that (Σ, f t , Σ t ) is a representative of λ(t). We will show momentarily that (Σ, f t , Σ t ) has the properties (1), (2), and (3). However we must first establish the existence of g t . Denote the Ahlfors-Weill extension of w i (t, z) byŵ i (t, z). It is well-known see e.g. [12] , that Ahlfors-Weill extension is a holomorphic in t for fixed z so in particular the restriction of t →ŵ i (t, z) to |z| ≤ R i is a holomorphic motion. By the extended lambda lemma [20] , denoting by W the region enclosed by γ i , there is a holomorphic motion H i : ∆ × W → W which equalsŵ i (t, z) on |z| ≤ R and equals the identity on γ i . Setting
we have that g t satisfies properties (a) through (d). Next, we show that (Σ, f t , Σ t ) has the claimed properties. The uniform L 2 bound can be established easily as follows. Fix r i such that 0 < r i < R i and let Γ i = ζ Thus µ(g t ) 2,V i is uniformly bounded for |t| < s ′ for all i. Now using the fact that g t is the identity on Y and the Schiffer variation ν ǫ(t) has zero Beltrami differential outside of disks D k disjoint from E i , we see that
otherwise.
(Note that the expression on the Schiffer disks is in terms of the local parameter on each of those disks). Thus applying Lemma 2.21 with k = −1, l = 1 and p = 2 and with the collar chart ( ζ i | V i , V i ), and using the fact that the L ∞ norm of any Beltrami differential is bounded by one, we have a uniform bound on µ(f t ) 2,Σ for |t| < s ′ . This proves property (1) for |t| < s ′ . We now prove the second and third claims. By assumption, each w i (t, z) is a holomorphic curve in O qc W P (D). Therefore for any t 0 in a sufficiently small neighbourhood |t| < s ′′ of 0 there is a holomorphic function g t 0 on D such that (2.20) lim
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For the Ahlfors-Weill extension of w(t, z) with dilatation (2.18), setting
Observe also that since A 
and hence again by (2.18)
We first prove that (Σ, f t , Σ t ) has property (3). We need to establish that there is a Beltrami differential κ t 0 on Σ such that
holds almost everywhere. It is enough to show the existence of such a Beltrami differential on each portion of the Riemann surface individually. Using (2.22) on 1 < |z| < R i , and lifting ω t 0 to Σ via ζ
establishes the claim on the region bounded by ζ −1 i (|z| = R i ) and ∂ i Σ, since the Beltrami differential of ν ǫ(t) is zero on this region. Property (c) of g t establishes the claim on the region L i , again using the fact that the Beltrami differential of ν ǫ(t) is zero there. Finally, on Y the claim follows from the fact that the Beltrami differential of g t is zero there, and that in coordinates the Beltrami differential of ν ǫ(t) is just ǫ(t)dz/dz on the Schiffer disks D k and zero otherwise; note that ǫ(t) is a holomorphic function of t. This establishes property (3) for |t| < s ′′ . Next we establish property (2). We will again use Lemma 2.21 in the case that k = −1, l = 1 and p = 2. We again use the collar chart ( ζ i | V i , V i ). We then have the estimate (for some compact M and regions A r ′ i with r
The first term goes to zero by property (3), and the remaining terms go to zero by (2.21). This establishes property (2) on |t| < s ′′ . Now taking δ = min(s ′ , s ′′ ) proves the theorem.
Tangent space to WP-class Teichmüller space and the WP metric
In this section, we demonstrate the convergence on refined Teichmüller space of the generalized Weil-Petersson metric. 3.1. The tangent space to Teichmüller space. First, we need some results on the function spaces which will serve as models of the tangent space. In all of the following, Σ will be a bordered Riemann surface of type (g, n).
Consider the spaces L 
2. This Proposition generalizes to other k, l by dividing by other powers of the hyperbolic metric, and also to arbitrary hyperbolic surfaces. However we do not need this here.
We now define the model spaces for the tangent space. 
Observe that B is a bounded linear isomorphism in both cases, if H −1,1 (Σ) and Ω −1,1 (Σ) are endowed with the norms inherited from L 2 −1,1 (Σ) and L ∞ −1,1 (Σ) respectively. For example, we have that
The space Ω −1,1 (Σ) is well-known to be complementary to the so-called infinitesimally trivial Beltrami differentials. It was shown by Takhtajan and Teo [22] that H −1,1 (D * ) is the tangent space to the WP-class universal Teichmüller space (although they do not use that term), and T WP (D * ) can be modelled by H −1,1 (D * ). Furthermore, the Weil-Petersson metric converges on this tangent space. We will show that this is true for H −1,1 (Σ), if one uses the Hilbert manifold structure which the authors defined in [18] .
Remark 3.4. Lifting to the cover D * of Σ and attacking this problem using differentials which are invariant under the group of deck transformations does not appear to provide any advantage. This is because the relevant lifted differentials are L 2 on the fundamental domain but not on D * . That is, H −1,1 (Σ) is not the set of invariant differentials in H −1,1 (D * ). This is an unavoidable consequence of replacing the L ∞ norm with an L 2 norm. See also Remark 2.29.
Before proceeding, we must establish some analytic results. The main result which we require is the following.
Furthermore, the inclusion map is bounded.
First, we require two lemmas. Lemma 3.6. Let f : A r → C be a holomorphic function on A r . Then for any t ∈ (1, r)
Proof. To prove this lemma, let f (z) = ∞ n=−∞ a n z n be the Laurent series of f in A r . An elementary calculation reveals that
where I n (r) := 1 2
. Now the Cauchy-Schwarz inequality yields
Now let us estimate the quantity
. To this end we split the sum as follows I −n (r) := I + J.
We observe that since on A r we have 1 < |z| < r, then 0 < |z| 2 −r 2 1−r 2 < 1 on A r . Bearing this fact in mind we proceed with the estimates of the above terms.
To estimate I, take an s with 0 < s < |z| 2 −r 2 1−r 2 and set r s = s + (1 − s)r(3.5)
Therefore since 0 < s <
Hence since
Now (3.6) and (3.8) yield that
Now since the inequality (3.9) is valid for all s ∈ (0,
. With these choices of s and s ′ we have, 1 − s = 
Plugging in these values into R 1 and R 2 yields that
and R 2 = 4 √ 6|z|. This and (3.3) yield for z ∈ A r the pointwise estimate (3.10)
. Now observing that for 1 < |z| < t one has
taking the supremum in (3.10) over all z ∈ A t yields the desired estimate.
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Lemma 3.7. Let Σ be a bordered Riemann surface of type (g, n) and let M be compactly contained in Σ. There is a constant D M depending only on M such that for any α ∈ H −1,1 (Σ),
Proof. Since M is compact in Σ, there is a compact subset N of Σ such that M is a subset of the interior of N. There is a finite collection of open sets W k and V k , k = 1, . . . , m such that Since N is a compact subset of Σ, and there are only finitely many charts (η k , V k ), there is a constant C > 0 such that if ρ V k denotes the hyperbolic metric in local coordinates then
2 is the expression for ψ in η k coordinates. For all z ∈ W k , we have by an elementary estimate that there is a constant E k , which is independent of ψ (depending only on η k (W k ) and η k (V k )) such that
where dA denotes the area element dz ∧ dz/2i. This can be obtained by applying the mean value property of holomorphic functions. Thus, applying (3.11) twice, we see that
Proof. (of Theorem 3.5). Choose collar charts (ζ i , U i ) and annuli A r i satisfying the conclusion of Lemma 2.20 with constants K i . Since there are only finitely many boundary curves we may assume that K i = K for some K for all i. Choose s i such that 1 < s i < r i for each i, and let M be the subset of Σ given by
Let α ∈ H −1,1 (Σ). Applying Lemma 3.7 we have that
where D depends only on M. On the other hand, given α by definition there is a ψ ∈ A 2 2 (Σ) such that α locally has the expression ρ U (z) −2 ψ U (z), where ψ U is the local expression for ψ. In particular α has the form ρ U i (z) −2 ψ U i (z) in ζ i coordinates. For each i = 1, . . . , n, choose t i such that 1 < t i < s i . By Lemmas 3.6 and 2.20, we have the estimate
If we let C = max{D M , K 3 C(r 1 , t 1 ), . . . , K 3 C(r n , t n )} we thus have proven that
Next, we observe an immediate but important corollary.
Corollary 3.8. Let Σ be a bordered Riemann surface of type (g, n)
.
The remainder of this section is dedicated to showing that H −1,1 (Σ) is complementary to the kernel of the restriction of the Bers embedding to TBD(Σ). In the next section, we will show that it is a model for the tangent space to WP-class Teichmüller space.
First, we will recapitulate some of the known facts regarding the kernel of the Bers embedding in the case of the standard Teichmüller space. One has the standard decomposition
where
is the linear space of "infinitesimally trivial" Beltrami differentials, which are by classical results precisely the kernel of the derivative at the identity of the Bers embedding of the universal Teichmüller space [13, Chpt 3] , [12, V.7] . We now define similar spaces on the bordered Riemann surface Σ of type (g, n).
The following theorem is standard, although often phrased in its equivalent form using Fuchsian groups.
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Theorem 3.9. Let Σ be a bordered Riemann surface of type (g, n). Then
Furthermore N (Σ) is the kernel of the Bers embedding.
We sketch the proof in order to establish the notation and concepts. Full details can be found in the references. We have (up to biholomorphism) that Σ = D * /G for some Fuchsian group G. Define
and
It is immediate that
Clearly we may identify
with Ω −1,1 (Σ). We must show that N (D * , G) can be identified with N (Σ), and that N (Σ) is the kernel of the derivative of the Bers embedding at the point [Σ, Id, Σ]. This latter fact is well known: let F be a fixed fundamental domain of the group G and temporarily let 
Conversely assume that µ ∈ N(G).
It now follows that H −1,1 (Σ) is complementary to the infinitesimally trivial differentials. Define (g, n) .
Furthermore, N r (Σ) is the intersection of the kernel of the Bers embedding at the base point with L 2 −1,1 (Σ); that is, it is the kernel of the restriction of the Bers embedding to BD(Σ). Proof. The final statement follows from the above discussion. The decomposition follows from Theorem 3.9 by intersecting with L 2 −1,1 (Σ) and applying Corollary 3.8. We also require the following classical result. Let G be a Fuchsian group acting on D, and let F be a fundamental domain for G. (We choose the cover D rather than D * for the next few paragraphs in order to be consistent with the references and avoid minor convergence issues). For (−1, 1) differentials ν-invariant under G, define the integral map (3.14)
We have not yet addressed convergence. We claim that
This can be identified with L It is clear that these results can be written on the Riemann surface Σ rather than the fundamental domain. Restating the above results on Σ, and applying Theorem 3.10, we have the following theorem.
Theorem 3.11. Let Σ be a bordered Riemann surface of type (g, n). There is a bounded projection P :
is bounded with respect to the L 2 −1,1 (Σ) norm. The kernel of the restriction of P to TBD(Σ) is N r (Σ).
Remark 3.12. In the last statement, we make use of the fact that the derivative of P is P itself. Note that P is linear on both spaces L 
, Σ] at t = 0 such that the Beltrami differential µ t of f t is in H −1,1 (Σ) for all |t| < δ, µ t is holomorphic in t, and such that the tangent vector to this curve at [Σ, Id, Σ] is v.
Proof. Let v be a tangent vector to T WP (Σ) at [Σ, Id, Σ]. Let [Σ, f t , Σ t ] be a holomorphic curve through [Σ, Id, Σ] at t = 0. By Theorem 2.61 we can assume that the Beltrami differential of f t is in BD(Σ) for |t| < δ for some δ > 0. By Theorem 3.11 if we set µ t = P (µ(f t )) the resulting Beltrami differential is in H −1,1 (Σ) for all |t| < δ. Furthermore solving the Beltrami equation to obtain [Σ, g t , Σ t ], the tangent vector to [Σ, g t , Σ t ] at t = 0 must be the same as [Σ, f t , Σ t ] by Theorem 3.10, since infinitesimally trivial differentials are in the kernel of the Bers embedding.
3.2. H −1,1 (Σ) model of Weil-Petersson class Teichmüller space. In the previous section we showed that the tangent vector at the identity of every differentiable curve through the base element of the WP-class Teichmüller space is in H −1,1 (Σ). In this section, we show that the WP-class Teichmüller space is locally biholomorphic to H −1,1 (Σ). This is the main result of the paper and it allows us to define a convergent WP-metric in Section 3.3. This also gives an alternate description of the complex structure.
We proceed as follows. First, in Theorem 3.14 below, we show that the restriction to H −1,1 (Σ) of the map Φ taking Beltrami differentials to the solution of the Beltrami equation is holomorphic into T WP (Σ) on some open neighborhood of 0. This result uses the theory of marked holomorphic families along with the characterization of the hyperbolic L 2 norm in terms of collar charts obtained in Section 2.2. Once this is established, we apply the preparation Theorem 2.61 together with the inverse function theorem to establish that in fact Φ is a biholomorphism on some open ball. In [18] we showed that change of base point is a biholomorphism. Using this fact allows us to show in Theorem 3.16 that any point has a neighbourhood biholomorphic to a ball in H −1,1 (Σ).
Define the mapΦ
:
where f µ : Σ → Σ 1 is a solution to the Beltrami equation with differential µ. Let
, by Theorem 2.31 Φ maps into T WP (Σ). We will keep the distinction between Φ andΦ, even though Φ is the restriction ofΦ, in order to indicate the change in norm on the domain. Theorem 3.14. Let Σ be a bordered Riemann surface of type (g, n) such that 2g − 2 + n > 0. Then there is an open neighbourhood B of 0 ∈ H −1,1 (Σ), such that the map Φ is holomorphic on B.
Proof. Fix a τ ∈ QS WP (Σ) (which exists by Theorem 2.40) and sew caps on Σ via τ to obtain a punctured Riemann surface Σ P . We assume moreover that τ is an analytic parametrization, so thatτ i has an analytic extension to an open neighbourhood of D for each i = 1, . . . , n.
Since the complex structure is independent of τ , there is no loss of generality in this assumption.
LetB be the open unit ball in Ω −1,1 (Σ) centred at 0. Since inclusion ι : H −1,1 (Σ) → Ω −1,1 (Σ) is holomorphic by Theorem 3.5, we see that
is open in H −1,1 (Σ) and contains 0. Given a µ ∈ B, we letμ be the Beltrami differential obtained from µ by setting it to be zero on the caps. Define a map into the Teichmüller space T (Σ P ) by
where Σ P µ and fμ are defined as in expressions (2.9) and (2.10). In particular, fμ : Σ P → Σ P µ is a solution to the Beltrami equation on Σ P with dilatationμ. We claim that Ξ is holomorphic. This is because it can be written as the composition of four holomorphic maps. That
is holomorphic since by direct computation it is Gâteaux holomorphic and locally (in fact, globally) bounded; finally (4) the solution to the Beltrami equation
is holomorphic (see [13] ). Observe that Ξ = F • Π • Φ; however note that this factorization was not necessary in the forgoing proof of holomorphicity of Ξ .
A word on the proof may be helpful. In order to write Φ in coordinates G • Φ, we must write points in the image of Π • Φ in terms of a coordinate system F (U, S, Ω). However, a given point in the image of Π • Φ will not be of the form (Σ P , ν ǫ • f, Σ P ǫ , ψ); thus we need to compose by some biholomorphism σ ǫ of Σ P ǫ and invoke the Teichmüller equivalence under homotopy to reach this form. This explains the presence of some extra compositions. Furthermore, in order to do this, and make rigorous statements regarding holomorphicity, we must the the theory of marked holomorphic families. The reader should bear these two points in mind in what follows.
Fix an n-chart (ζ,
. . , n. This is possible by [18, Theorem 3.4] . Let S : Ω → T (Σ P ) be a Schiffer variation compatible with the n-chart and let F (U, S, Ω) be the corresponding open set in T WP (Σ P ). Let π : S(Ω, D) → Ω be the marked Schiffer family corresponding to S, with strong global trivialization
as defined in (2.11). By Theorem 2.53 there is a biholomorphic map
) is a biholomorphism depending holomorphically on ǫ, and f To this end, it is enough to show that the second component is Gâteaux holomorphic and locally bounded (see e.g. [7] ). Thus we fix ω ∈ B and consider the maps 
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Let e z : O qc WP → C denote point evaluation at z ∈ E i . Since the point evaluations are a separating set of continuous linear functionals, to show that G is Gâteaux holomorphic it is enough (see [7] ) to prove that This takes care of the local boundedness of ǫ(µ).
Fix an analytic extension ofτ to a disk D s = {z : |z| < s} for some s > 1. Since fμ(z) is a continuous function of both z and µ (again, because it is a strong local trivialization for the Teichmüller curve), and the same thing also holds for ν where the first term is a bound on the dilatation in |z| < r arising from Lemma 2.19, and the second term bounds the dilatation on |z| > r using only the fact that the complex dilatation offμ is less than one. It is clear that both terms on the right hand side are finite and bounded by a fixed constant.
Referring to (2.1) we see that we need to show that |F Theorem 3.15. Let Σ be a bordered Riemann surface of type (g, n) such that 2g − 2 + n > 0.
There is an open neighbourhood U of 0 ∈ H −1,1 (Σ) on which Φ is a biholomorphism.
Proof. We will show first that DΦ(0) is a topological isomorphism. Since we have already shown that Φ is holomorphic, it follows that DΦ(0) is bounded, and thus by the open mapping theorem it suffices to show that DΦ(0) is bijective.
We first show that DΦ(0) is surjective. Let v be a tangent vector to T WP (Σ) at [Σ, Id, Σ]. By Theorem 3.13 we may find a holomorphic curve α(t) = [Σ, g t , Σ t ] such that the Beltrami differential µ t of g t is in H −1,1 (Σ), has tangent vector v at 0 and is holomorphic in t. In that case α(t) = Φ(µ t ) and so v = d dt α| t=0 = DΦ dµ t dt t=0 which proves the claim.
Next we show that DΦ (0) by Theorem 3.9 and Corollary 3.8. Since Φ is holomorphic by Theorem 3.14, by the inverse function theorem Φ has a C 1 inverse in a neighbouhood of 0. Thus there is a U on which Φ is a biholomorphism.
Finally, we show that T WP (Σ) possesses an atlas of charts modelled on H −1,1 (Σ). We require a change of base point. Let [Σ, f, Σ 0 ] ∈ T WP (Σ). Define the change of base point map by
It was shown in [18, Section 5.3 ] that this map is a biholomorphism. Thus we may conclude that 
